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USING FIBONACCI NUMBERS AND CHEBYSHEV POLYNOMIALS TO
EXPRESS FOX COLORING GROUPS AND ALEXANDER-BURAU-FOX
MODULES OF DIAGRAMS OF WHEEL GRAPHS

ANTHONY CHRISTIANA, HUIZHENG GUO, AND JOZEF H. PRZYTYCKI

ABSTRACT. In this paper we compute the Reduced Fox Coloring Group of the diagrams of
Wheel Graphs which can also be represented at the closure of the braids (o105 1)”. In doing
so, we utilize Fibonacci numbers and their properties.

Following this, we generalize our result to compute the Alexander-Burau-Fox Module
over the ring Z[t*'] for the same class of links. In our computation, Chebyshev polynomials
function as a generalization of Fibonacci Numbers.
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1. INTRODUCTION

In this section we introduce the Tait Diagram of a plane graph. We then recall the
definition of Fox n-colorings and of the Fox Coloring Group of a link (the universal object
for Fox Colorings). Then, we formulate our main result about the structure of Fox Coloring
Groups.

In the second section, we prove our main result about Fox Colorings by working with the
matrix of relations for the Fox Group using the properties of Fibonacci numbers.

In the third section, we recall the definition of the Alexander-Burau-Fox Module over the
ring Z[t*!]. This module is a generalization of our Fox Coloring Group. We describe the
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structure of the ABF Module for the same family of links considered in section one and two,
and express it as the sum of two cyclic modules.

In the fourth section, we mention the relation with Plan’s Theorem on branch covers of
links. We also relate our results to those of Minkus and Mulazzani-Vesnin.

We now present some basic definitions.

Definition 1.1. For a plane graph G, we associate an alternating link diagram as follows:

(1) Every edge is replaced by a crossing as illustrated in Figure .
(2) We connect the “loose endpoints” of the crossing along the edges; compare Figure @

il

F1GURE 1. Crossing from an edge

Definition 1.2. We define a Fox n-coloring of a diagram D to be a function
farces(D) — Zy,

such that every arc is “colored” by an element of Z,, with the following condition: for every

crossing with arcs a,b, and ¢, 2b —a — ¢ = 0 mod n for overarc b. That is, each crossing
has the relation

a b

N
N

b c=2b—a
FiGure 2. Coloring of a crossing

The n-colorings of a diagram D form a group denoted by Col,(D).

If f(a;) = f(a;) for all a;,a; € arcs(D), we call f a trivial coloring. These trivial colorings
form the subgroup Col™ (D) = 7, € Col,(D) and the quotient Col,(D)/Coll" (D) is
called the Reduced Group of Fox n-colorings denoted by Col"*Y(D).

Definition 1.3. An arc is the part of a diagram from undercrossing to undercrossing. We
also include in our definition components without a crossing.

The number of arcs is equal to the number of crossing plus the number of trivial compo-
nents of the diagram.
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Definition 1.4. The group Col(D) is the abelian group whose generators are indexed by the
arcs of D. The set of arcs is denoted by arcs(D) and the set of generators is denoted by
Arcs(D). The relations at each crossing of D are given by 2b — a — ¢ = 0 where a,b,c €

Arcs(D). That is,
b

Col(D) = {Ares(D) | ”\/\ , where a,b,c € Arcs(D)}
b c=2b—a
The Fox Coloring Group can be also defined for tangles in a similar way. In particular
for braids(for n braids treated as n-tangles), the group Col(T) is freely generated by the top
arcs of the braid. We will use this later in the proof of Theorem [L.6]

Definition 1.5. Let Col'" (D) < Col(D) be the infinite cyclic subgroup generated by the
element Zaie Ares(D) @i This subgroup is isomorphic to Z and is called the group of trivial
colorings of D.

Col(D)
C'Oltrivial (D)
denote it by Col™(D). That is,

The quotient group is called the reduced group of Fox colorings. We

b
Col™d(D) = { Ares(D) | a\/ Y w=o
b c=2b-a a;€Arcs(D)

where the sum s taken over all arcs of D.

More information about Fox Colorings can be found in [Przl, PBIMW].
We are now ready to formulate the main theorem of the second section, expressing the
Reduced Fox Coloring Group using Fibonacci numbers.

Theorem 1.6. Let F}, be the Fibonacci sequence defined by
Fo = 0, F1 =1 and Fk+2 = Fk—i—l + Fk
Let D,, be the closure of the braid (o105 "), that is, D,, = D(W,,) as in Figure @ Then

Z &Y/ when n is odd
red _ Fn—l+Fn+1 Fn—1+Fn+l Y
Col™ (D) = { Zsp, ® L, when n is even

In particular, forn = 2,3,4,5,6,7, we have Zs, Ly ® Ly, Zas D Ls, L1y D Zn1, Lso D Zs,
and Zog ® Zag, respectively.

2. FIBONACCI NUMBERS AND REDUCED COLORING GROUP OF WHEEL GRAPHS, Col(D)

After a few preliminaries, we turn to a proof of Theorem [I.6]

The Tait diagram of a planar graph has a determinant equal to the number of spanning
trees of the graph. For wheel graphs in particular, the number of spanning trees was com-
puted in [Sed, Mye]. For our purposes, the determinant is equal to the order of the Reduced
Fox Coloring Group. If the determinant is zero, which may only occur in the case of links,
then it may result in infinite order.

IThe group Col™4(D) can be interpreted as the first homology of the double branch covering of S3
branched along D; see [Przl]. The group Col"*¢(D) can also be computed by the Goeritz matrix of the
diagram. Using this approach, the determinant of D,, is computed in [Prz2|.



In the second section of the paper, we obtain concise formulas, using Fibonacci numbers,
for the Fox-Coloring Group of diagrams obtained from wheel graphs, which can also be
expressed as the closure of 3-braids of the form (o0, ')™ where n is the number of spokes in
the corresponding wheel graph; compare Figure [3]

FIGURE 3. Wheel graph W7 and its Tait diagram, D; = D(W5) representing
the closure of the braid (oy05")".

The proof is comprised of several propositions and lemmas.

Proposition 2.1. Consider an arbitrary 3-braid B and label the top arcs by a, b and ¢ and
the bottom arcs by a’, V', and ', which are uniquely defined by a, b and c.
(1) In the Fox Coloring Group of this 3-braid, our arcs satisfy the equation (@’ — a) —
(' —=0b)+ (' —c¢)=0.
(2) Recall that a, b and ¢ form a basis of Col(B) and we can change the basis to b, b —a
and b —c. Then a' —a, b’ —b, and ¢ — ¢ are linear combinations of b —a and b — c.

Proof. The proposition is well-known and can be proven by the induction on the number of
crossings, see e.g [DJP]. O

ToAsimplify notation, let + = b —a and y = b — c. Let B be the closure of B, then
Col(B) = {b,xz,y | d —a,d — ¢}. Notice that by Proposition 2.1, ¢’ —a and ¢ — ¢ is
a linear combination of = and yf] Let «’ —a = Pg = Pg(z,y) = P% - o+ Pp -y and
d—c=Qp=0Qp(r,y) = gfa'x‘ir@yg'y-

The matrix of relations for Col"4(B) is a 2 x 2 matrix

%4
@ @
Now we work with B = (010, ')" and B= D(W,,). Therefore, we use notation Pg = P,

and Qg = Q.
The following lemmas are illustrated by Figure [4

2The fact that 2 and y generate C'ol™? can be easily proved by linear induction. There is a general fact,
see e.g. [DJP] that if we consider a general n-tangle, T with boundary points denoted by 1,2, ..., Za,
(variable indexed by endpoints) then the relation Z?gl(—l)ixi = 0 holds in Col(T). In particular elements
x; — z;41 generate Col"4(T) group.
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{I’ P!I+Qll+b QN+C

7

u+1 +a= Rz + Qn + b Qn+l +c= 2R1+1 Pn +a
FIGURE 4. Labeling part of (oy05 )"

Lemma 2.2. (1) Pbyr=P,+Qn+b—a=P,+Q, + z; thus Q, = P,11 — P, — .
(2) Qn-i—l :2Pn+1_Pn‘l'a_C:QPn—H_Pn‘I'y_x(é)Pn-H“'Qn_l'yf thuspn-‘rl =
Qn—i—l_Qn_

Thus we can deduce recursive formulas for P, and @,,.

Lemma 2.3. (Recl) P,.» @ P14+ Qunii+x @ 3P,.1— P, +y.

(2) (1) (2)
(Rec2) Qny2 = Pryo + Qniy1 +y = Pyt +2Qn41 + 2 +y = 3Qn41 — Qn + .

Then using the notation P, = P? -z + PY -y and Q, = QF - x + Q¥ - y we recognize P
and Q¥ as Chebyshev polynomials as follows:
Lemma 2.4.  (I) P%,, =3P, — P* with P =0, P* =1, Pf =3, ...
Thus PY, | = S,(3) where S,(2) denotes the Chebyshev polynomial of the second kind.
That is SO( )=1,51(2) = z, and S,12(2) = 2S,41(2 ) Sn(2). Compare Section[3.1]
2 = 3Qn4 — Q% with Qy 0, Q1 =1, Q3 =3,
Therefore, Q% = PZ.; = 5,(3).
(II) PY,, =3P, — P!+ 1 with P =0, P/ =0, P =1,
Similarly, Qo =3Q7 . — Qr +1 with Qf =0, Q7 =0, Q5 =1, ...
Therefore we have Py, = Q% = P?,, — PT —1=5,(3) — S,-1(3) — 1.
Let Fy be the Fibonacci sequence defined by Fy = 0, F} = 1 and Fyyo = Fjy1 + Fy. It
relates to Chebyshev polynomial as follows:

Lemma 2.5. We have Fy, = S,,_1(3).

PTOOf. FQn = an_1+FQn_2 = 2F2n_2+F2n_3 = 3F2n_2 —an_4. Thus an and Sn—1(3> satisfy

the same recursive relation. Noting that F» = 1 = 5y(3) and Fy = 3 = S1(3) we conclude
U

the lemma.

The main result of this section can be expressed using Fibonacci number as follows:



Theorem 2.6. Let D, be the closure of the braid (o105 )"
Then:
Y/ P 7L when n is odd
red _ Frn1+Fn4+1 Fn1+Fnq1 )
Col™(Dn) = { Zsp, ® ZLr, when n is even
The sums F,_; + F,,.1 are called Lucas numbers denoted by L,. That is Ly = 2,11 =
1, L2 = 37L3 = 4, L4 = 7, ... and Ln+2 = Ln—l—l + Ln
We divide the proof of Theorem [2.6] into three lemmas.

Lemma 2.7. The matriz of relations for Col™(D,,) is

A — FQn F2n—1_1
2n F2n+1_]- F2n

— n

Proof. From Lemma 2.3, we know Col™¢(D,,)= Qr QY pe pr_1 pe
n n n+tl ~ 4tn T n

Now by Lemma 24, Pn‘r — p?f—l —1= Snfl(g) — Sn,2(3) —1= an — F2n72 —1= Fanl —1.
Therefore Py, — Py — 1= Fypy0 — Fop — 1= Fy iy — 1.

Hence, Col"4(D,,) = [ Ion Fop1—1

Fopay —1 Fy, } . We denote this matrix As,,.

U
Lemma 2.8. Col™Y(D,)) = Zg, \+r,., ® Zp, \+r,., when n is odd.

Proof. (1) We replace the first column in Ay, by the difference of the first and the second
column to get:

[ Fop o+1 Fyq—1]
_17271—1_1 F2n

(2) We replace the second column in Ay, ; by the difference of the second column and
the first column to get:

AQn—l =

[ Fono+1 Fop3—2]
| Fop1— 1 Fyot+ 1|
We generalize (1) and (2) to arbitrary number of column operations (with the same pattern

of operations):
After performing k operations of (1) and (2), we get

A2n72 =

Agyop = Fon_a + Fyy Fon—_2k4+1) — Forp1
n2 Fon—@k-1) — Flak—1) Fon—or + Fox

Since n is odd, let k = ”TH; then we have:

A — Fn—1+Fn+1 Fn—2_Fn+2
nl 0 Fn—l + Fn+1
Hence, the ged of Col™d(D) (that is, the ged of entries of the matix) is F,_; + Fy, 41 and
detA, 1 = (F,_1 + F,;1)? Therefore Col™¥(D,) = Ly, +Fpy ©ZLE, y+F,,, for n odd. E|

3We use the standard fact that for Z modules given by 2x2 matrix

2]

The related abelian group is equal to Zg,,®Z4 where d is the determinant of the matrix and g is gcd(a, b, ¢, d).
6
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Lemma 2.9. Col™(D,,) = Zsp, ® Zr, when n is even.

Proof. Let k = 7 and use the proof of Lemma 2.8.
2Fn Fn—l_Fn+1:|_|:2Fn _Fn:|

Then we have: A, = F,.1—F,1 2F, b 2F,

S5F, 2F,
Here the ged of Col™¢(D) is F, and |Col™¥(D)| = 5F?. Thus we have Col™(D,) =
ZLsp, ® Ly, for n even.

Adding twice the last column of the A,, to the first, we get: [ 0 — I } :

Remark 2.10. In [Prz2] the Goeritz matriz of D(W,,) was reduced to
Sn-1(3) 1—5,(3)
Sn—2(3)+1 —S5,-1(3)

To show that the group it presents is the same as before, we multiply the last column by
—1 and use the equality S,—1(3) = Fa,, to get:

{ F, Fopio—1 } _ [ Fy, Fopnp1 + Fyp —1 }

Fopo+1 Fy, Fono+1 Fop g+ Foyp
After a column operation we get the matrix
Fy, Fopp —1 _ Fop 1+ Fopg Fop+ Fop g —1
Fono+1 Foq—1 Fop o +1 Fop1—1

After a row operation we get the matrizx
Fon1—1 Foy—1
Fono+1 Fopq—1

which is the matrixz considered in (1) above with row exchanged so leading to the same abelian
group as Ao,



Remark 2.11. We can deduce several formulas from our column reductions. For example
Fon = Fn(Fn—l + Fn+1)-

and

P . Fo(F, o+ F,) for n even
e B anl(anl + Fn+1) fOT n odd

The identities in Corollary are well known; e.g. they follow from identities in [Koshy]
page 97. In particular, Fy, = F,(F,_1 + F,41) is exactly identity 54 of [Koshy]ﬁ Thomas
Koshy mentions that the identities follow directly from closed forms for F,, and L,. We
present the proof for completeness. We consider roots of the polynomial 22 — x — 1 = 0 say
a and 3, and note that

T a-8
We have a = %5, f=—atl= 1’2‘/5, a — f = /5. Our identities can be expressed as
product to sum formulas (using F_ = (—=1)¥1F,):

Proposition 2.12.
Fm(Fn—l + Fn—f—l) - Fan = I'm4n + (_1>nFm—n = I'm4n — <_1)an—m-

Proof.
I ey e
a—p
ot — g g gm gt — o B
= -
= G (1) )

a—pf
= Fm+n + <_1)nFm—n

4There are also the following related identities:
Identity 52: Fapmin — (—1)"F, = Fy Liptn,
Identity 53: Faomin + (—1)"F, = Frpn Lin,

8



3. ALEXANDER-BURAU-FOX MATRIX OF A LINK DIAGRAM

In this chapter we generalize our main result of the second section from the Fox group
of colorings to the Alexander-Burau-Fox module over the ring Z[t*!']. Where the Fibonacci
numbers appeared in the computation of the the Fox Coloring Group, the analogous combina-
torial object appearing in the computation of the ABF Module is the Chebyshev Polynomial
of the second kind. The modules we study are Alexander modules of links [Ale] in a form
which can be deduced from the Burau representation of braids [Buraul, Bur-Z]. These module
directly generalize to the group of Fox colorings where we replace —1 by t.

The formal definition of the ABF Module follows (notice that for ¢ = —1, we get Definition

).

Definition 3.1. Let D be an oriented link diagram. The Z[t*']-module ABF(D) has a
presentation where generators are indexed by the arcs of D, denoted by Arcs(D), and whose
relations are given by crossings of D (positive and negative) as follows

1—tb+ta (11—t b+t a

FicurE 5. ABF Module Relations

ABF, (D) = {Arcs(D (- “’H“ D“ “ b where a,b,c € Arcs(D)}
Definition 3.2. The Reduced Alexander—Bumu—Fox Module 1s the module
ABFé%ed( ) {A?”CS (1- /b+n I+I la z:O}a

alearcs(D)

That 1s,

where the sum is taken over all arcs of D. Note that this module does eliminates trivial
colorings, which is equivalent to setting one arc, say as equal to zero (removing one generator
and adjusting relations by substituting as = — ) 2o Qi )ﬂ

5To be precise: the relation Zaieams(D) a; = 0 allows us to replace any other relation so that the
coefficient of ay is equal to zero. In this new presentation a, can be removed and the presentation has
generators Arcs(D) — as, and in relations we can put as = 0.

9



We now formulate the main result of this section, showing the structure of the ABF module
of the diagrams of wheel graphs. We simplify our notation by calling ABF(D(W,)) =
M, (D,,). Notice that the module decomposes as the sum of cyclic modules (even though
Z[t*'] is not a PID), and that for odd n the module is double and for even n it is “almost”

double.

Theorem 3.3. The reduced Alexander-Burau-Fox module of diagrams of wheel graphs W,
can be expressed as

Z[tﬂ]/(Sk_l + Sk) @ Z[til]/<sk_1 —|— Sk), when n = 2]{? —|— 1
ZItEY/(Se1) @ Z[tF) /(3 —t —t71)S,_1)  when n = 2k

where z = 1—t—t=1 and Si(2) is the Chebyshev polynomial of the second kind (see Subsection

As before, we label the inputs of our braids a, b, ¢ and the outputs a’, ¥, ¢/; see Figure [6]

M o(,) - §

a b %

/

a b ¢’

F1GURE 6. Coloring of the tangle

As a special case of the general observation for n-tangles, we have that t*(a’ — a) + t(V' —
b) +(c —¢)=0. Thus ¥ — b = —t(a’ —a) — t7'(¢ — ¢), meaning that the middle color can
be computed from the first and the third.

Now like in the t = —1 case, let the endpoints of (¢,05 )" be a’ = P, + a on the left and
c = @, +con the right. Then ¥ —b = —tP, —t7'Q,,. As mentioned before, comoputing the
Reduced ABF module is equivalent to setting b = 0. Thus, we have that ¥’ = —tP, —t71Q,.

Writing P, = P} -a+ Pf-cand ), = Q% - a+ @, - ¢ as before, we see that the matrix of
relations for the Reduced Alexander-Burau-Fox module, denoted A,,, is analogous to that of
the Reduced Fox Coloring Group:

P P¢
n [ Qo @ } |
We also produce the following recursive relations, analogous to those found in Section 2.
That is,
10



Lemma 3.4. (1) Poy1 = —tP, —t7'Q, — a,
(2) Quy1= (1 =) Pyt +tB, +a—c.

Proof. Considering we work with the reduced ABF Module, we set b = 0. Let o/, denote the
central strand after performing (o105 ') n times. By previous observation, b/, = —tP,—t~'Q,,.
Then we have P, +a =1, s0 P,y1 +a=b = —tP, —t'Q,. This proves (1) as is shown
in Figure

+a —tP, — lQn Qn +c

'

,1+1+a——tPn—t lQn Q,I+1+C— 1_t n+1+tPn+a
FIGURE 7. Labeling part of (o0, ') in ABF Module

Next, we see that

Quir +c=(1+1)(—tP, —t7'Q,) +t(P, + a)
=—tP, —t'Q, —t’P, — Q,, +tP, +a
=P —t(tP, —t7'Q,) +tP, +a
=P, —tP, 1 +tP,+a

— Qui1= (1 —1t)Pyy1 +1Priq.

Thus, (2) is true. O

Immediately from the Lemma [3.8] we can present the matrix of relations A,, in terms of
P¢ and Py by the following lemma.

Lemma 3.5. For Q% and QS as defined above,

(1) Q2 =(1—-t)P!+tPy , +1
(2) QS =(1—-t)PS+tP: | —1
11



Proof. By Lemma [3.4] (2),
Qn=0-a+Q,-c
=(1—-t)Pyy1+tP,+a—c
=1—-¢P;-a+tP -a+a+(1—t)P;-c+tP;  -c—c
=((1=t)Py +tPy  +1)-a+((1-t)P, +tP,_, —1)-c

Thus, our Alexander-Fox-Burau matrix is

_ | P

Py Iy
Tl A=0Pr+tPi +1 (1—t)P+tPe — 1

An: a c
[Qn Q@
where 2 =1 —t —t"1.

The final identity we prove in service of our eventual translation of this matrix into the
language of Chebyshev polynomials is the following:

Lemma 3.6. For P! and P we have the following Chebyshev-type recursive relation:
(1) Py =zPy = Pl y—(1+t71)
(2) P¢= 2P, 1 — P¢ ,+t!
Proof. Beginning with Lemma (1),
P,=P-a+PF;-c
= —tP, 41—t 'Q,1—a
= P, —t (1 =t)Po_y + 1P, g+a—c)—a
= —tP,,—t'P, 4+ P, — P, s—tlat+tc—a
=(1—-t—t P, 1 —P,os—tltat+tc—a
=(2P* | —P* ,—t ' —1)-a— (2P, —P° ,+t7) ¢

n

O

3.1. Chebyshev Polynomials. We now set about rewriting P¢ and P in terms of Cheby-
shev polynomials using Theorem below.
We recall first the definition of Chebyshev Polynomials of the Second Kind.

Definition 3.7. Let
So(z) =1,
Si(z) =z, and
Sn(2) = 2S5-1(2) — Sp—2(2).

Then S, (z) is the n-th polynomial of the Second Kind.
Throughout the paper, we evaluate S, (z) at z =1 —1t —t~!, though we tend to suppress
the notation: S,(z) — Sp.

12



Theorem 3.8. Let the sequence of polynomials P,(z,¢;) € L]z, ¢;| satisfy the recursive rela-
tion P, = zP,_1 — P,_o+ ¢;. Then P, can be expressed using Chebyshev polynomials S, (z)

as follows:
n—2

Pn = Sn—lpl — Sn_QP() + Z San_j.

J=0

Proof. We proceed by induction on n. Let n = 3 be our base case. Then
P3:ZP2—P1+63

=2z2(zPL—Py+c) — P +c3
=22P — 2Py +2c; — P +c3
= (22— 1)P, — 2Py + zc2 + c3
= So Py — 51 P + Socs + Sica

1
= SQPl — Slp(] -+ Z San_j.

J=0

Assume that the proposition holds for n > 3 up to n — 1.
By inductive hypothesis,
Pn:ZPnfl_Pnf2+cn

n—3 n—4
= Z(Sn,2P1 — Sn,3P0 + Z Sjcn,1,j> — (Sn,:gPl — Snf4PO + Z Sjcn,27j> +c,
j=1 Jj=0
n—3 n—4
= (an_Q — Sn_3>P1 — (ZSn_3 — Sn_4>P0 + z Z Sjcn_l_j — Z Sjcn_g_j + Cn
7=0 7=0

n—3 n—4
=S 1P — Sp2Fy + Z Sjcp_1-j — Z SjCn_o—j + cy

j=0 j=0
n—2
= n—lP - Sn_QPO + ZS()Cn_l + Z Sjcn_j +cp
j=2
n—2
= n—lP - Sn—ZPO + SOCn + Slcn—l + Z Sjcn—j
j=2
n—2
=S P =S, 2R+ Z SjCn_j.
7=0

Thus, our identity holds.

Thus we can rewrite the recursive relations in Lemma [3.6] with the Corollary [3.9]

Corollary 3.9. (1) P(t) = —Sp1 — (L +t71) Z;:oz Sj(2).

(2) Pe(t) =t Z;:g Si(z) forz=1—t—1t1.
13



Proof. (1) By Lemma[3.6 (1), P¢ = 2P% , — P* , — (1 +t!), so applying Theorem
with ¢ = —1 — t~! yields the result with initial conditions P¢ = 0 and P{ = —1.
(2) By 3.6/ (2), P¢ = 2P¢_, — P¢_, +t~! with initial conditions PC =0and Pf=t""1
0

In the next section, we simply the equation in Corollary 3.9 using Product to Sum formulas
(in fact, we go from sum to product).

3.2. Product to Sum Formulas. Seeking further transformation of A,, we provide the
following identities for Chebyshev polynomials, analogous to those given for the Fibonacci
numbers.

Here we let S,, be any Chebyshev polynomial of the second kind, and 7;,, a Chebyshev
polynomial of the first kind. That is, Ty = 1,77 = x and T,, = 2T,,_1 —T,,. After substituting
x = p+p! we obtain

o _ pn+1 _ p:ln—l
p—p
and
Tn = pn + p—n
These formulas will be used to prove the following well-known product to sum formulas. We
offer the proof for completeness.

Proposition 3.10. For S, and T, as defined above,
(1) T, T, = Trnn + T,
(2) ST = Smin + Smn
(3) SiSn = Smin + Sman—2+ o+ Smni2 + Spmn = ng_n’izmﬁ od 2 Oi Where the
sum is taken over ¢ with i =m +n mod 2.
(4) Sp(Sn 4 Sp_1) = So+ Sy 4 oo + Sop_1 + Sop = S0 S
(5) Sn(Sn 4 Sni1) = So + Sy 4 .. + San_1 + Sop 4+ Sons1 = St S

P?“OOf. (1) Tan — <pm +p—m)<pn +p—n) — pm-‘rn +p—m—n +pm—n _|_pn—m — Tm+n + Tmfn-

m+1_ ,  —m—1 n —n m+n+1_  —m—n—1 m—n+1_,—m+n—1
(2): ST, = (p ppip_)l(p ") _ (@ P pi)er_(lrs P = Tyin + Tonen
(3): We proceed by induction on n, applying (2) repeatedly:
If n = 0 we have 5,50 = S, and for m = 1, S,,57 = 25, = Spns1 + Sm—1. Induc-
tive step holds as follows: (assuming m > n > 2): 5,5, = Sn(Sy — Sn_2) + SmSn_2 =

ind

S T _'_S Sn 2 : Sm+n+sm n_'_S Sn 2 — Sm+n+sm n+Sm+n 2+Sm+n 4+ +Sm n+2,
as needed.

(4) We use (3) twice for S,,5,, and for S,S,,_1.

(5) We use (3) twice for S,,S,, and for S,,S,, 1.

The following two corollaries further simplify A,,.

Corollary 3.11.

Sk—1(Sk—1 + Sk) when n =2k + 1.
14
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Proof. This is a restatement of (4) and (5) from Proposition [3.10 O

Corollary 3.12. (1) Sor, =SSy — Sp_15k_1 = (Sk - Sk_l)(Sk + Sk—l)
(2) Sokt1 = SkSk41 — Sk—15k = Sk(Sk1 — Sk-1).

Proof. (1) By[B0] (3),

SpSEr = S+ Sg + ... + Sop
= (SO+SQ+"'+SQk_2)+SQk
= Sk—1Sk—1 + Sox

So SkSk = Sk,lsk,l + Sgk implies Sgk = SkSk — Skflskfl.
(2)

SiSk+1 = S1+ S35+ ... + Sk,

This allows us to reformulate P} and Pr.

Lemma 3.13.

(1) Pgj, = —Sk—1((Sk + Sk-1) + ¢ (Sk—1 + Sp—2))
(2) Pshy = —(Sk—1 + Sk)(Sk +17Sk-1)

(3) Pg =t"'Sp_1(Sk—1 + Sk2)

(4) Pgpy = t71Sk1(Sk—1 + Sk)

Proof.

(1) By Corollary , Pg(t) = —Sor_1(2) — (1 +t71) 23262 S;(2), where 2 =1—t -t
as before. Thus,

2(k—1)
P = =Sy —(1+t7) Y Si(2)
=0
= —Sgk,1 — (1 -+ til)Skfl(Skfl + Skfg) Cor. m
= —Soe—1)11 — (L + ¢ 1) Sk-1(Sk—1 + Sk—2)
= —Sk_l(Sk — Sk_g) — (1 + til)Sk_l(Sk_l + Sk_2> Cor.

= —Sk-1(Sk — Sk—2+ Sk_1+ Sk—2 +t 'S + 7' Sp9)
= —S1((Sk + Se—1) =t (Sk—1 + Sk—2))

15



(2) By Corollary B.9, Ps. ()

2k+1 2

—Pg 1 = —Sokt1-1 — ( 1—1—25 Z S;(

= —So, — (1 + )Sk—l(Sk;—1 + Skt1) Cor. B.11]
—(Sp — S;H)(Sk +Se1) = (1+t S 1(Shot + Se) Cor.
—(Sk + Sk_1)(Sk — Sp_1 + Skt + 1Sk )

—(Sk + Sk_1)(Sk +t71Sk1)

(3) & (4) These follow immediately from Cor 3.11}
U

Now, we present the Alexander-Burau-Fox matrix for closures of the braids of type
(0105 1)™ in full generality.

Proposition 3.14.
4 { Py Py ] _ { ~9a(gn+1 =t gam1) T g

QZ Qqcz tgngnJrl _gn(gnJrl - tgnfl)
where
| Sk when n = 2k,
n = Sip_1+Sr whenn=2k+1.
Proof. This follows immediately from Lemma and Lemma, [3.5] [l

3.3. Alexander-Burau-Fox Module. With the explicit presentation of the matrix A,
in terms of Chebyshev polynomials from [3.14, we compute the resulting module by row
reduction.

Define
—t7 g1 —tT g
_ An —g,) = In+1 n n )
/( g ) |: _tgn—f—l 9n+1 — tgn—l
One column operation, col; — col, — coly, yields

A/ — In+1 _tilgn—l
" (=t — 1) gnt1 +t9n—1 Gn+1 — tGn-

We multiply the second column by —t:

A/ — In+1 gn—1
" (=t = Dgnt1 +tgn-1 —tgni1 + t2gn_1

Specifically for n = 2k 4 1, we get

A/ . Sk Sk*l
LT S, —t Sk + 7S]

For n = 2k, we get

A — Sk—1+ Sk Sk—1+ Sk—2
2k —t(Sp_1 + Sk) —t(Sp_1+ Sk) — t2(Sk_1 + Sk_2) |-
16



We will apply the following lemma to A” in order to immediately compute the desired
module.

Lemma 3.15. (1) The pair (Sk, Sk—1) can be reduced by Fuclidean algorithm (column
operations) to (Sp,S_1) = (1,0).
(2) The pair (Sk + Sk—1,Sk—1 + Sk_2) can be reduced by Fuclidean algorithm (column
operations) to (S1 + Sy, So + S-1) = (2 + 1,1).

Proof. (1) We notice that (Sk, Sg—1) = (2Sk—1 — Sk—2, Sk—1) thus by taking the first column
minus z times the second we get (—Sk_2, Sx_1). Multiplying the first column by —1 we get
(Sk_2, Sk_1) allowing inductive step.

(2) We notice that (Sk + Sk_1,Sk_1+ Sk_g) = (ZSk_l — Sk—o+ 2Sk_2 — Sk_3,Sk_1+ Sk_Q) =
(2(Sk—1+ Sk—2) — (Sk—2+ Sk_3), Sk_1+ Sk_2), thus by taking the first column minus z times
the second we get (—(Sk_2 + Sk_3), Sk—1 + Sk_2) and multiplying the first column by —1 we
get (Sk_2 + Sk_3, Sk—1 + Sk_2), allowing the inductive step. O

We apply Lemma to Al . After applying this lemma we get the matrix
1 0 : 10
{ vy } reduced by row operation to [ 0 y }

where y = detAl.
Thus we can conclude that our Alexander-Burau-Fox module given by A, is:

ZIEH/ (gn) ® Z[E)/ (det A, - ga)-

The det(A!) is computed in the next section.

3.4. Computing determinant of the matrix A/,. With this computation the main result
on the structure of the Alexander-Burau-Fox module of (o0, %)" is complete.
Proposition 3.16. For A’

(1) detA,,, = 1.

(2) detAl, =3 —t—1t1.
Proof. (1) We have

det Ay = (Sk + t71Sk_1)(Sk + tSk_1) — SkSk_1
= Sp+ (t+17)SkSk1 + Si_y =SSk
=SP4+ (t+t" —1)SkSk1 + S;_1 = Sp — 2551 + Sp_y
= S7 — (Ske1 + Sk_1)Sk_1 + 57,
= SI% — Sk-15k+1
=1

17



by product to sum formulas. (2) We proceed as in the previous case. We have

detA/Qk = <(Sk + Sk_l) + t_l(Sk;—l + Sk_2>> <(Sk + Sk—l)) + t(Sk_l + Sk_g))
— (Sk + Sk=1)(Sk—1 + Sk—2)

= (SkSk—1 — Sk41Sk=3) + (SkSk — Sk+1k-1) + (Sk—1Sk—1 — SkSk—2)
— 81+ 5o+ S
=2z+2
=1—t—t142
=3—t—t L
]

Thus, with the computation of det(A!), we complete the proof of the main theorem,
Theorem [3.3]

18



4. RELATION TO BURAU REPRESENTATION

The crossing illustrated in Figure [5] can be interpreted as a 2-braid, and the ABF relation
as a linear map: for a positive crossing, B(a,b) = (b,ta + (1 — ¢t)b. This map is given in a
standard basis (1,0), (0,1) by the matrix:

0 1
=)L)
which is an element of GL(2, Z[t£1]). More generally, for n— braid we have a homomorphism
B, — GL(n, Z[t £ 1]) given on generators by

Id,.y 0 0 0
0 0 1 0
0 ¢t 1-t 0
0 0 0 Idy—i

B(O’Z) ==

This representation is know as the (unreduced) Burau representation [Burau]. Because for
the negative crossing we have B(b,a) = ((1 —t~1)b,t 1a) so

Id;_, 0 0 0
0 1—t1t ¢! 0
0 1 0 0
0 0 0 Id,_; 1

Clearly B(o;)B(o; ") = Id, reflecting second Reidemeister move. In older literature the
role of o; and o; ! (and ¢ and ¢~!) is changed (historically negative and positive was not always
the same and till know braid theorists use the opposite convention from knot theorists).

The matrix B(y) — Id, where v € B, gives (with relations in rows) description of the
unreduced Alexander-Burau-Fox module. This is, in fact, the matrix used in our calculation
in Chapter 3.

5. SPECULATIONS AND FUTURE DIRECTIONS

To place our result in a broader context, we should mention the classical result of J.Minkus
and Mulazzani-Vesnin [Min, [MV] relating n-fold branch coverings of 2-bridge links with
double branch coverings of certain links. In our case, he notices that the n-fold branch
coverings of S3 along the figure eight knot is homeomorphic to the double branch cover of
S® branched along the closure of the braid (o305 )", Thus our theorem on the group of Fox
colorings can be reformulated in the language of homology of M g), where M é”) denotes the
n-fold branch coverings of S? branched along the link L. We plan to explore this connection
to analyze left orderings of the fundamental groups of some branched coverings; compare
[DaPr]. We recall the results of [BGW], which show that the 2-fold branch coverings of S*
along a non-split alternating link produce a fundamental group which is not left-orderable.

Plans proved in [Pla] that odd branch covering of S* along any knot has a double form.
That is, there exists G such that

H (M) =G &G for any odd k.

Turaev produces a related result for k even (compare [Web, [DW]). We observe a similar
phenomenon in our computation of ABF for (o105 ")



Our theorem for the Reduced Fox Coloring Group corresponds well with Plan’s and Tu-
raev’s results, but what does this mean in the generalization to the ABF module?
Is there some reasonable interpretation of (o105 ') in relation to ABF module?
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